Abstract: Yang-Baxter deformations of superstring σ-models have recently inspired a supergravity solution generating technique. Using the open/closed string map and a Killing bi-vector as a deformation parameter, new solutions can be built, such that the (generalised) supergravity field equations were conjectured to always reduce to the classical Yang-Baxter equation (CYBE) [1] . In this work we provide a proof of this conjecture, using a systematic approach based on the so-called β-supergravity, which is a dynamical theory for the field β mn instead of the NSNS 2-form b mn .
Introduction
Recently it has been proposed that for any solution of N = 2, d = 10 supergravity with isometries, there exists a very simple deformation, such that the Classical Yang-Baxter equation (CYBE) for the deformation parameter implies that the deformed background is a solution to the supergravity field equations [1, 2] . For a supergravity solution specified by the metric G mn , dilaton Φ and possibly some Ramond-Ramond (RR) fields, but with vanishing Kalb-Ramond tensor B mn = 0, the deformation produces a solution given by The conjecture put forward in [1] was that the supergravity equations of motion for the deformed fields g mn , b mn , and φ are satisfied, as soon as the matrix r ab (the r-matrix) obeys the CYBE:
where f ab c are structure constants of the isometry algebra, [k a , k b ] = f ab c k c . Emergence of the CYBE from a purely gravitational theory is remarkable, given the prominent role played by the CYBE in integrable systems [3] . The conjecture outlined above can be viewed as a concrete realisation of the earlier proposal of a gravity/CYBE correspondence [4] , [5] . It was suggested in [1] that the deformation (1.1) can be used as a solution generating technique for arbitrary supergravity solutions with isometries. Although in this article we will concentrate exclusively on the NSNS sector of type II supergravity, note that the complete recipe for the deformation including the RR fields can be found in [1] .
The map (1.1) was originally introduced by Seiberg and Witten [6] in their seminal study of open strings on D-branes in the background fields g mn , b mn , which belong to the closed string spectrum. It was demonstrated that the open string can effectively be described as propagating on a non-commutative spacetime with the metric G mn and noncommutativity parameter β mn (proportional to the quantum commutator [x m , x n ]). We will thus refer to the field redefinition (1.1) as the open/closed string map.
Introduction of the solution generating technique of [1] has built upon the earlier observation [7, 8] that the open/closed string map has the same effect on supergravity solutions as the Yang-Baxter deformation, developed in [9] [10] [11] [12] for classically integrable superstring σ-models in the coset formalism. From the supergravity viewpoint, however, the solution generation prescription of [1] is more generic in that it is applicable to coset and non-coset geometries alike. The fundamental difference is that in the σ-model approach the r-matrix solution to the CYBE has to be put in by hand, and this step is necessary for the deformed solution to preserve the classical integrability of the σ-model. In the approach of [1] this logic is essentially reversed: the deformation parameter is given by (1.2) with an arbitrary r-matrix, and the CYBE emerges after imposing the supergravity field equations on the deformed solution. Presence or absence of superstring integrability in the initial background plays no role for the workings of the deformation. Whether emergence of the CYBE after the deformation hints to integrability of any kind has yet to be seen.
Various classes of Yang-Baxter deformations have been linked to T-duality-shift-Tduality (TsT) transformations [13] , or more generally non-abelian T-dualities [14] [15] [16] [17] and [18] [19] [20] [21] . In certain cases, the Yang-Baxter deformation may lead to a background that is not, strictly speaking, a solution to supergravity. Such backgrounds have been interpreted as resulting from T-duality in non-isometric direction [22, 23] . Although not supergravity solutions, they were shown to satisfy the field equations of generalised supergravity [24, 25] , where the generalisation consists in certain additional terms that depend on a Killing vector field I m . The latter is related to the deformation (noncommutativity) parameter [1, 8] :
Whenever this happens to be zero, the generalised field equations reduce to those of the usual type II supergravity; otherwise one has to deal with the generalised equations and the CYBE emerges from there as well.
Most recently, a generalisation of the open/closed string map (1.1) resulting from nonabelian T-dualities was proposed in the sigma-model setup [26] . This paper has extended the previous works, which rely on the coset formulation of the sigma-model action, to generic sigma-models with isometries. Assuming the CYBE for the deformation parameter it was proven that kappa-symmetry is preserved under the deformation, which implies that the background fields satisfy the (generalised) supergravity field equations [25] .
In the supergravity framework of [1] , the conjecture that the CYBE appears from the (generalised) supergravity field equations after the deformation (1.1) was supported by explicit examples of coset and non-coset geometries alike, such as AdS 2 ×S 2 and Schwarzschild spacetimes. More examples of generated solutions both to standard and to generalised supergravity have appeared in [1, 2, 27] . In the present article we will give a proof of the conjecture at the level of supergravity action and field equations. This will enable us to highlight the relevant dual field theory for this problem, the β-supergravity. The use of supergravity language will help us pose certain unsolved problems that cannot be addressed in the string sigma-model formalism: the generalised version of β-supergravity, and d = 11 generalization of the whole Yang-Baxter deformation narrative.
Proof of the conjecture at the supergravity level can be achieved, in principle, by making the field redefinition (1.1) directly in the supergravity field equations for the transformed fields g mn , b mn , φ. One can then expand the equations in powers of β mn , use the Killing bi-vector ansatz (1.2), and see if the structure of the CYBE emerges. Such perturbative approach to proving the conjecture was undertaken recently in [2] , where it was shown that up to the third order in powers of β the supergravity field equations reduce to the CYBE. The complete non-perturbative proof for an arbitrary initial metric G mn was still lacking.
It turns out, however, that the field redefinition (1.1) can be performed consistently in the full type II supergravity action. This has been done explicitly in [28] and the resulting theory whose dynamical fields are the metric G mn , the bi-vector field β mn , and the dilaton Φ is called β-supergravity. Initially the interest in rewriting of the theory in such a way stemmed from the goal of finding a supergravity description for non-geometric backgrounds characterised by the Q-flux [29, 30] . In the framework of β-supergravity the Q-flux is simply given by Q m pq = ∇ m β pq , and in general can be related to the torsion of the Weitzenböck connection in Double Field Theory [31, 32] . Double Field Theory (DFT) provides the most transparent understanding of the structure of β-supergravity. DFT is a field theory on the doubled spacetime that incorporates the usual supergravity and is explicitly covariant under the O(d, d) symmetry group coming from the string theory T-duality [33, 34] (see [35, 36] for review; earlier applications of DFT to Yang-Baxter deformations include [18] [19] [20] 37] ). Dynamical fields of the theory are the T-duality invariant dilaton d and the so-called generalised metric
Such coset element can be parametrised by the metric g mn and the Kalb-Ramond field b mn , which gives the usual field content of the NS-NS sector of supergravity. Alternatively, the same element can be parametrised by the fields G mn and β mn , in which case DFT reduces to β-supergravity. At the level of fields this reparametrization of the coset element is precisely the open-closed string map (1.1). This allows to make a formal transition from the standard description of type II supergravity with dynamical fields g mn , b mn , φ, which in this context is referred to as the b-frame of DFT, to the description in terms of the fields G mn , β mn , Φ in the β-frame. The dynamical equations in the β-frame can be used to derive the CYBE under the assumption of the ansatz (1.2), as we show below. This paper is organised as follows. In section 2 a short review of β-supergravity is given, followed by the proof of the conjecture. In section 3 we discuss possible applications and consequences of the technique.
The gravity/CYBE correspondence
Starting with a solution to the ordinary supergravity G mn , Φ with vanishing B mn , one deforms it by introducing a 2-form β mn . We interpret the resulting configuration G mn , β mn , Φ as a supergravity background in the β-frame. The DFT construction then implies that the background g mn , b mn , φ resulting from the open/closed string map is a solution to the standard b-frame supergravity field equations. The crucial point of this procedure is that the same fields G mn , Φ must furnish a solution to the usual supergravity before the deformation, as well as to β-supergravity, when accompanied by a deformation field β mn . This restricts possible deformations by effectively imposing the CYBE. Solving it for a given background G mn , Φ will determine all possible deformations of this background. This can be summarised with a diagram of Figure 1 : Relationships between the relevant theories and their solutions. b-frame refers to the standard supergravity (possibly generalised), while β-frame is the theory of [28] . Yang-Baxter deformation acts within usual supergravity, but we interpret it as a composition of the open/closed string map with a deformation by β mn . This leads to the constraints for β mn (essentially the CYBE) arising from supergravity field equations. 
β-supergravity
The invariant dilaton is given by d = φ + 1 4 log g, with g = det g mn . The DFT action has been constructed in [34] and can be written as
Integration over the full doubled space here is formal and just denotes that one has to integrate over all coordinates on which non-trivial dependence was left after solving the section constraint:
This constraint is necessary for the algebra of generalised diffeomorphisms to close, and it means that all fields of the theory must depend only on one half of the total number of the coordinates. More precisely, one cannot have dependence on both a geometric coordinate
x and its dualx. Solving the section constraint in the DFT action explicitly, one recovers the action for the bosonic sector of type II supergravity
where H = db, and R is the curvature scalar. This establishes the fact that the b-frame parametrisation of double field theory (2.1) is equivalent to the standard supergravity. However, one is free to choose a different parametrisation for the generalised metric
These two natural choices of parametrization follow from the upper-and lower-triangular form of the generalised vielbein 6) where the matrices E 0 and O 1,2 are given by
One can obtain (2.1) and (2.5) as
The open/closed string map (1.1) in this context is a condition that (2.1) and (2.5) describe the same object.
Again solving the section constraint explicitly and substituting the generalised metric parametrised by G mn and β mn one obtains the action of β-supergravity as described in [28] 
where one defineŝ
(2.10) For the Riemann and Ricci curvature tensors the standard conventions have been taken
For further useR mn can be written explicitly in terms of the 2-vector β mn aŝ
(2.12)
The tensor R mnk is the so-called non-geometric R-flux (when integrated over a non-trivial 3-cycle) which signals about non-associativity properties of a chosen background. The vector I m is also a signature of non-geometry and at the level of Yang-Baxter deformations can be realised in generalised supergravity, as will be discussed below. Equations of motion for the fields G mn , β mn and Φ can be derived from the equations of motion of DFT upon the condition∂ m • = 0 or by direct variation of the Lagrangian (2.9). These can be written as
Following the logic of [28] these equations can be understood as equations of motion of the conventional supergravity rewritten in terms of the new fields. Hence, any solution of supergravity field equations after the open/closed string map must satisfy the above equations. Conversely, for a conventional supergravity solution with added field β mn and no B-field to also be a solution after the open/closed string map, it should satisfy the equations of motion of beta-supergravity.
Proof
We are now finally in a position to prove that the homogeneous CYBE is sufficient for the supergravity equations of motion to be satisfied by the deformed background. One can explicitly check the field equations of β-supergravity (2.13), using the bi-Killing ansatz for the β-deformation
as well as the fact that the undeformed metric and the dilaton satisfy the conventional field equations:
In addition we assume β mn ∂ n Φ = 0 since the isometries of the original solution preserve the dilaton as well. Another constraint comes from the fact that although we are dealing with the beta-frame formulation, this is still conventional supergravity rather than the generalised. This implies that the vector I m = ∇ k β km must be zero. Upon the bi-Killing ansatz this condition gives
Finally, for the R-flux we have, using the ansatz:
17)
Thus the assumption that the CYBE holds implies the vanishing of the R-flux. Taking all this into account, the equations of motion of β-supergravity boil down to 0 =R (mn) ,
Equation for the dilaton trivially follows from the trace part of the first equation here. In the proof the following identities for the Killing vectors, usually referred to as the Kostant formula, will be used
Let us start first with the equation for β mn , which is the second line above, and expand the covariant derivatives of products. This gives
where we have used symmetry of the dilaton β mn ∇ n Φ = 0 in the second line and the equation of motion for the dilaton R pq (G) = −2∇ p ∂ q Φ in the third line. Furthermore, the first term above can be transformed as follows
Hence, the equation of motion simplifies and can be rewritten more conveniently as
Let us show, that this vanishes upon I m = 0. We start with the second term above, which can be manipulated as follows
For the first term in (2.22) we write (antisymmetry in {p, q} is always understood)
where we have used the Killing equation ∇ (m k a n) = 0 in the second line, the Kostant formula (2.19) in the third line, and symmetry properties of the Riemann tensor in the last line. Substituting everything back to (2.22) one concludes that the equations of motion for β mn are satisfied identically on the bi-Killing ansatz, given I m = 0.
Consider now the Einstein-Hilbert equation, which is the first line in (2.18). For this we need to write the tensorR mn and the corresponding connection symbols in terms of the field β mn . Let us start with splitting the connection symbols into tensorial and nontensorial partΓ Substituting the bi-Kiling ansatz here we get
The last two terms here have similar structure and vanish upon f ab c r ab = 0, while the first can be shown to be proportional to the CYBE plus terms of the same structure as the last two. Indeed, consider the following expression proportional to the CYBE
28) where in the second line we used the bracket of two Killing vectors and in the third line we used the Jacobi identity for the structure constants f ab c . The first term in the last line above is precisely the one we have found inR mn , while the second vanishes upon f ab c r ab = 0, and the equationR mn = 0 is proportional to the CYBE given the condition
The above calculations provide a proof of the conjecture of [1] : we have shown that the classical Yang-Baxter equation emerges from the open/closed string map, applied to supergravity solutions deformed by a 2-form (2.14), assuming that we do not have to deal with generalised supergravity ∇ m β mn = 0.
Discussion
In this work we have provided a detailed proof that the deformation of a supergravity solution parametrised by tensor β mn subject to the bi-Killing ansatz 
are equivalent to the equations of motion of β-supergravity for the background G mn , β mn , Φ. The fact that the background before the deformation G mn , Φ satisfies the equations of motion of the conventional supergravity provides dynamical equations for the deformation parameter β mn .
The described approach provides a natural framework for addressing deformations of supergravity backgrounds both integrable and not. There are several directions where this approach can be extended and which we consider interesting.
Applications and outlook
General deformations: the case of flat backgrounds. Starting with a given solution of supergravity equations of motion G mn , Φ, consider its general bi-vector deformation
According to the above logic, equations of motion of beta-supergravity for this background provide constraints which must be satisfied for the deformation β mn to generate a solution.
Hence, beta-supergravity allows to classify all such deformations for a given background, not only of the Yang-Baxter form, however, not distinguishing between integrable and non-integrable deformations.
As a simple illustration of the idea consider the flat background of the form
Equations of motion of beta-supergravity then take the following form
Any solution of these equations for β mn will give a deformation which generates a background g mn , b mn , φ that solves field equations of supergravity. Note that at this stage we do not restrict ourselves to the case I m = 0. To provide explicit examples, let us consider the most simple case of dimension d = 2. This may be understood as a class of backgrounds where deformed is only a two-dimensional block inside the full metric. For this case the deformation parameter is a single function β mn = βǫ mn , where the alternating symbol is defined as ǫ mn ǫ nk = αδ m k . Here α = +1 for the Minkowski case and α = −1 for the Euclidean case. In addition R mnk = 0 as there is no R-flux in two dimensions.
With these simplifications the equations for the deformation parameter becomê
which is identically satisfied in the dimension chosen. To get to explicit solutions of these equations one has to consider the Minkowski and Euclidean cases separately. Let us start with the former, where α = +1 and we define ǫ 01 = 1. This gives the following equations
The first equation implies β(t, x) = ± a(x)t + b(x), from the second equation one concludes a ′ (x) = 0 and from the third one that b ′′ (x) = 0. Altogether this gives the following general solution of the above equations
where a, b, c are constant parameters. For the Euclidean case one has α = −1 and the equations become
Following the same steps as above one obtains a similar solution
Altogether the solutions for the Minkowski and Euclidean cases can be written as 12) where k m is a constant vector in two dimensions. Performing the open/closed string map, we obtain the following deformation of the initial flat background
This b-field is trivial and can be written as a pure gauge
The background itself is conformally flat and in general is non-trivial. It is important to note, that the obtained deformation is not of the Yang-Baxter class and cannot be represented in the form of the bi-Killing ansatz. In order to recover a biKilling β mn , one would need to solve the β-supergravity version of generalised supergravity equations, since I m = ∇ n β nm = 0. This example illustrates, that the described approach is able to produce deformations of a very general class.
Deformations with non-vanishing I m . The proof here has been restricted to the case I m = ∇ k β km = 0. We know, however, that CYBE similarly arises from generalised supergravity equations of motion after the open/closed string map, if I m is non-zero. In principle one could seek to find a generalisation of β-supergravity, such that the open/closed string map would take this new theory to generalised supergravity.
The generalised supergravity field equations can be obtained from the usual ones by replacing
However, the natural conjecture that the same replacement can be done in the β-supergravity field equations does not result in correct equations of motion, e.g. one cannot reproduce the bi-Killing ansatz for β mn by solving them. Hence, a more subtle deformation of equations of motion of beta-supergravity needs to be found, which is still an open question. An earlier generalisation of the DFT to include generalised supergravity has appeared in [38, 39] .
Deformations of backgrounds with non-zero b-field. As was already discussed, β-supergravity descends from the DFT after a special parametrisation of degrees of freedom of the generalised metric is chosen. This choice of parametrisation allows to consider deformations of backgrounds with non-vanishing b-field using the same approach as above.
) that includes both the 2-form KalbRamond field b mn and the bivector β mn . The generalised vielbein can be represented as a product of the following (3.16) where the matrices E 0 and O 1,2 are given by
Naively, the corresponding generalised metric contains more degrees of freedom than the conventional generalised metric of DFT. However, equating generalised metric in each of these parametrizations to generalised metric in the conventional parametrization, one obtains the following simple field redefiniton rules respectively (G −1
The Double Field Theory equations of motion for these parametrizations provide a natural framework for generating deformations of backgrounds with non-vanishing B. This map, when understood as a change of frame in supergravity, imposes the CYBE as a consistency condition on the parameter β, which ensures that the deformed background satisfies the field equations given that the background G mn , Φ is a solution.
Deformations of
From the point of view of the double field theory these are just two different ways to write the generalised metric H M N , which is an element of the coset O(d, d)/O(d) × O(d) .
The same idea can be applied to solutions of d = 11 supergravity. In this case one should employ the generalised metric of exceptional field theory [40, 41] , which transforms under U-duality and contains fields g µν , C µνρ , C µνρσκ , . . . . Acting in a similar fashion one can change the frame by a U-duality rotation, so as to have G µν , Ω µνρ , Ω µνρσκ , . . . as the fundamental degrees of freedom. Imposing that the metric G µν be a solution to the conventional d = 11 equations of motion, the parameters Ω are deformations which generalise the non-commutativity parameter β. One could speculate that a tri-Killing ansatz will be appropriate, Ω 20) with some totally antisymmetric tensor ρ abc . We remark that recently a tri-vector supergravity deformations have been considered in the framework of generalised geometry [42] . Substituting this deformation back into the equations of motion of exceptional field theory in the Ω-frame, and assuming the d = 11 supergravity equations of motion for the original background, will result in some algebraic equations for the ρ-tensor. The significance and nature of these equations at present can be debated, but functionally they arise in the same manner, as the CYBE in the case of d = 10 deformations. Detailed investigation of this and related issues is a promising direction for the future work.
